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Abstract
An (l, n)-blocking set S in PG(2, q) is a set of l points such that every line of PG(2, q) intersects S in at least n points, and there
is a line intersecting S in exactly n points. In this paper we give a geometrical construction of a (38, 2)-blocking set in PG(2, 13).
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let GF(q) denote the Galois ﬁeld of q elements and V (3, q) be the vector space of row vectors of length three with
entries in GF(q). Let PG(2, q) be the corresponding projective plane. The points of PG(2, q) are the non-zero vectors
of V (3, q) with the rule that X = (x1, x2, x3) and Y = (x1, x2, x3) represent the same point, where  ∈ GF(q)\{0}.
The number of points of PG(2, q) is q2 + q + 1.
If the point P(X) is the equivalence class of the vector X, then we will say that X is a vector representing P(X). A
subspace of dimension one is a set of points all of whose representing vectors form a subspace of dimension two of
V (3, q). Such subspaces are called lines. The number of lines in PG(2, q) is q2 + q + 1. There are q + 1 points on
every line and q + 1 lines through every point.
Deﬁnition 1.1. A (k, r)-arc is a set of k points of a projective plane such that some r, but no r +1 of them, are collinear.
Deﬁnition 1.2. An (l, n)-blocking set S in PG(2, q) is a set of l points such that every line of PG(2, q) intersects S in
at least n points, and there is a line intersecting S in exactly n points.
Note that a (k, r)-arc is the complement of a (q2 + q + 1 − k, q + 1 − r)-blocking set in a projective plane and
conversely.
Deﬁnition 1.3. Let M be a set of points in any plane. An i-secant is a line meeting M in exactly i points. Deﬁne i as
the number of i-secants to a set M.
 This work was partially supported by the Ministry of Education and Science under contract in TU-Gabrovo.
E-mail address: daskalov@tugab.bg.
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2007.03.078
1342 R. Daskalov /Discrete Mathematics 308 (2008) 1341–1345
Let V (n, q) denote the vector space of all ordered n-tuples over GF(q). A linear code C over GF(q) of length n and
dimension k is a k-dimensional subspace of V (n, q). The vectors of C are called codewords. The Hamming distance
between two codewords is deﬁned to be the number of coordinate places in which they differ. The minimum distance
of a code is the smallest of the distances between distinct codewords. Such a code is called an [n, k, d]q code if its
minimum Hamming distance is d.
A central problem in coding theory is that of optimizing one of the parameters n, k and d for given values of the
other two and q-ﬁxed. One of the versions is:
Problem. Find nq(k, d), the smallest value of n for which there exists an [n, k, d]q -code.
A code which achieves this value is called optimal. The well-known lower bound for the function nq(k, d) is the
following Griesmer bound:








Codes with parameters [gq(k, d), k, d]q , are called Griesmer codes.
There exists a relationship between (n, r)-arcs in PG(2, q) and [n, 3, d]q codes, given by the next theorem.
Theorem 1.1 (Hill [3]). There exists a projective [n, 3, d]q code if and only if there exists an (n, n−d)-arc in PG(2, q).
In this paper we consider the case q = 13 and the elements of GF(13) are denoted by 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 =
a, 11 = b, 12 = c.
2. The construction
It is evident that in PG(2, q) (q is prime) three lines in general position form a (3q, 2)-blocking set. The problem
of ﬁnding a 2-blocking set with less than 3q elements had for long remained unsolved until recently Braun et al. [2]
discovered the ﬁrst example of such a set. They constructed the (38, 2)-blocking set in PG(2, 13), consisting of the
following points:
(0, 1, 3), (0, 1, a), (1, 0, 4), (1, 0, 9), ((1, 1, 1), (1, 1, c), (1, 2, 3), (1, 2, a),
(1, 3, 0), (1, 3, 4), (1, 3, 5), (1, 3, 8), (1, 3, 9), (1, 4, 5), (1, 4, 8), (1, 5, 2),
(1, 5, 6), (1, 5, 7), (1, 5, b), (1, 6, 4), (1, 6, 9), (1, 7, 4), (1, 7, 9), (1, 8, 2),
(1, 8, 6), (1, 8, 7), (1, 8, b), (1, 9, 5), (1, 9, 8), (1, a, 0), (1, a, 4), (1, a, 5),
(1, a, 8), (1, a, 9), (1, b, 3), (1, b, a), (1, c, 1), (1, c, c).
More precisely, this (38, 2)-blocking set arises as the complement of a (145, 12)-arc in PG(2, 13) which they
constructed by the method exhibited in their article [2] (see also [1]).
In the next theorem we shall present another such example.
Theorem 2.1. There exists a (38, 2)-blocking set in PG(2, 13) and a (145, 12)-arc.
Proof. Consider the following 50 points in PG(2, 13):
i 1 2 3 4 5 6 7
l1 Mi (0, 1, 9) (1, 0, 3) (1, 1, c) (1, 2, 8) (1, 3, 4) (1, 4, 0) (1, 5, 9)
i 8 9 10 11 12 13 14
Mi (1, 6, 5) (1, 7, 1) (1, 8, a) (1, 9, 6) (1, 9, 2) (1, b, b) (1, c, 7)
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i 1 2 3 4 5 6 7
l2 Ni (0, 1, 4) (1, 0, a) (1, 1, 1) (1, 2, 5) (1, 3, 9) (1, 4, 0) (1, 5, 4)
i 8 9 10 11 12 13 14
Ni (1, 6, 8) (1, 7, c) (1, 8, 3) (1, 9, 7) (1, 9, b) (1, b, 2) (1, c, 6)
i 1 2 3 4 5 6 7
l3 Pi (0, 1, 4) (1, 0, 3) (1, 1, 7) (1, 2, b) (1, 3, 2) (1, 4, 6) (1, 5, a)
i 8 9 10 11 12 13 14
Pi (1, 6, 1) (1, 7, 5) (1, 8, 9) (1, 9, 0) (1, a, 4) (1, b, 8) (1, c, c)
i 1 2 3 4 5 6 7
l4 Qi (0, 1, 9) (1, 0, a) (1, 1, 6) (1, 2, 2) (1, 3, b) (1, 4, 7) (1, 5, 3)
i 8 9 10 11 12 13 14
Qi (1, 6, c) (1, 7, 8) (1, 8, 4) (1, 9, 0) (1, a, 9) (1, b, 5) (1, c, 1).
The lines li : aix+biy+ciz=0, (i=1, 2, 3, 4) are selected so that each line li contains the point (ai, bi, ci), (i=1, 2, 3, 4).
The points Mi (i = 1, 2, . . . , 14) belong to the line l1: x + 3y + 4z = 0. The points Ni (i = 1, 2, . . . , 14) belong to
the line l2: x + 3y + 9z = 0. The points Pi (i = 1, 2, . . . , 14) lie on the line l3: x + ay + 4z = 0, and the points Qi
(i = 1, 2, . . . , 14) are the points of the line l4: x + ay + 9z= 0. The four lines intersect pairwise at the points M1 =Q1,
M2 = P2, N1 = P1, N2 = Q2, M6 = N6 and P11 = Q11, i.e. they are lines in general position.
In PG(2, 13) the 14 lines which pass through the point (0, 0, 1) have equations:
p1: y = 0, p8: x + 6y = 0,
p2: x = 0, p9: x + 7y = 0,
p3: x + y = 0, p10: x + 8y = 0,
p4: x + 2y = 0, p11: x + 9y = 0,
p5: x + 3y = 0, p12: x + ay = 0,
p6: x + 4y = 0, p13: x + by = 0,
p7: x + 5y = 0, p14: x + cy = 0,
The careful analysis of the lines l1, l2, l3 and l4 shows that each quadruple (in the case of i = 6, 11—each triple, and
in the case of i = 1, 2—each pair) of points Mi , Ni , Pi , Qi (i = 1, 2 . . . , 14) belongs to one of the 14 lines pi . (For
example, the four points M3, N3, P3, Q3 lie on the line p14: x + cy = 0.)
Now let us set the following task: Remove 16 points from the set l1 ∪ l2 ∪ l3 ∪ l4, four from each line, so that:
(a) There is no line in PG(2, 13) which is different from li and which contains four of the removed points.
(b) The lines that contain three of the removed points intersect at at most four new points A1, A2, A3, A4.
(c) The lines that contain just two of the removed points do not pass through the intersection points M1, M2, N1, N2,
M6 and P11.
The conditions (a)–(c) will guarantee that adding the points A1, A2, A3,A4 to the set of remaining points of the lines,
we shall obtain a 2-blocking set with no more than 38 points.
It is obvious that we should not remove any points from the quadruples Mi , Ni , Pi , Qi , i = 1, 2; otherwise, the
lines p2: x = 0 and p1: y = 0 will become 1- or 0-secants. Similarly, it is not desirable to remove any points from the
quadruples Mi , Ni , Pi , Qi , i = 6, 11, because removing an intersection point of the lines li will either not decrease
enough the number of points, or the lines p5: x + 3y = 0 or p12: x + ay = 0 will become 1- or 0-secants. We need to
observe the following rule: if we have already removed two points from a quadruple Mi , Ni , Pi , Qi , we should leave
the remaining two in the set. Otherwise, one of the lines pi will become a 1- or 0-secant.
Let us take out the following 16 points: from the line l1 – M5, M9, M13, M14; from the line l2–N5, N9, N13, N14;
from the line l3–P3, P4, P8, P12 and from the line l4–Q3, Q4, Q8, Q12.
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The set of removed points
A= {(1, 3, 4), (1, 7, 1), (1, b, b), (1, c, 7), (1, 3, 9), (1, 7, c), (1, b, 2), (1, c, 6),
(1, 1, 7), (1, 2, b), (1, 6, 1), (1, a, 4), (1, 1, 6), (1, 2, 2), (1, 6, c), (1, a, 9)}
is a (16, 4)-arc in PG(2, 13) and has the following secant distribution:
0 = 51, 1 = 64, 2 = 48, 3 = 16, 4 = 4.
Since 4 = 4, condition (a) is satisﬁed. The forty-eight 2-secants ofA are
y + z = 0, x + 7z = 0, x + 4y + 7z = 0, x + 8y + 8z = 0,
y + 2z = 0, x + az = 0, x + 5y + z = 0, x + 8y + az = 0,
y + 4z = 0, x + bz = 0, x + 5y + 3z = 0, x + 8y + cz = 0,
y + 6z = 0, x + cz = 0, x + 5y + 5z = 0, x + 9y = 0,
y + 7z = 0, x + y = 0, x + 5y + 8z = 0, x + 9y + 6z = 0,
y + 9z = 0, x + y + 5z = 0, x + 5y + az = 0, x + 9y + 7z = 0,
y + bz = 0, x + y + 8z = 0, x + 5y + cz = 0, x + by = 0,
y + cz = 0, x + 2y = 0, x + 6y = 0, x + by + 5z = 0,
x + z = 0, x + 2y + 5z = 0, x + 7y = 0, x + by + 8z = 0,
x + 2z = 0, x + 2y + 8z = 0, x + 8y + z = 0, x + cy = 0,
x + 3z = 0, x + 4y = 0, x + 8y + 3z = 0, x + cy + 5z = 0,
x + 6z = 0, x + 4y + 6z = 0, x + 8y + 5z = 0, x + cy + 8z = 0.
It is easy to check now that none of them contains an intersection point of lines li ; thus condition (c) is fulﬁlled.
Let us look at condition (b). The 3-secants ofA, i.e. the lines different from li , such that each contains three of the
removed points, are
g1: x + y + 6z = 0, P8,Q12,M13 ∈ g1, g9: x + 7y + z = 0, M5, P4, N14 ∈ g9,
g2: x + y + 7z = 0, Q8, P12, N13 ∈ g2, g10: x + 7y + cz = 0, N5,Q4,M14 ∈ g10,
g3: x + 2y + 2z = 0, N9,Q12,M14 ∈ g3, g11: x + by + 2z = 0, N5,Q8, P3 ∈ g11,
g4: x + 2y + bz = 0, M9, P12, N14 ∈ g4, g12: x + by + bz = 0, M5, P8,Q3 ∈ g12,
g5: x + 6y + z = 0, Q3, P12,M13 ∈ g5, g13: x + cy + 6z = 0, N5, P4,M9 ∈ g13,
g6: x + 6y + cz = 0, P3,Q12, N13 ∈ g6, g14: x + cy + 7z = 0, M5,Q4, N9 ∈ g14,
g7: x + 4y + 3z = 0, P3,M13, N9 ∈ g7, g15: x + 9y + 3z = 0, Q8, P4,M14 ∈ g15,
g8: x + 4y + az = 0, Q3, N13,M9 ∈ g8, g16: x + 9y + az = 0, P8,Q4, N14 ∈ g16.
Each line gi intersects some line li at a point not in the setA . Indeed:
g1 ∩ l2 = (1, 9, 7), g9 ∩ l4 = (1, 5, 3),
g2 ∩ l1 = (1, 9, 6), g10 ∩ l3 = (1, 5, a),
g3 ∩ l3 = (1, b, 8), g11 ∩ l1 = (1, 2, 8),
g4 ∩ l4 = (1, b, 5), g12 ∩ l2 = (1, 2, 5),
g5 ∩ l2 = (1, 8, 3), g13 ∩ l4 = (1, 4, 7),
g6 ∩ l1 = (1, 8, a), g14 ∩ l3 = (1, 4, 6),
g7 ∩ l4 = (1, c, 1), g15 ∩ l2 = (1, 1, 1),
g8 ∩ l3 = (1, c, c), g16 ∩ l1 = (1, 1, c).
Furthermore, the lines gi intersect one another in quadruples at the points (1, 4, 3), (1, 4, a), (1, 9, 3), (1, 9, a). More
precisely, g2 ∩ g7 ∩ g10 ∩ g12 = (1, 4, 3), g1 ∩ g8 ∩ g9 ∩ g11 = (1, 4, a), g4 ∩ g6 ∩ g14 ∩ g15 = (1, 9, 3) and g3 ∩ g5 ∩
g13 ∩ g16 = (1, 9, a). Therefore, (1, 4, 3), (1, 4, a), (1, 9, 3), (1, 9, a) are the points A1, A2, A3, A4.
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Adding these four points to the rest 34 points, we obtain the set
B= {(0, 1, 4), (0, 1, 9), (1, 0, 3), (1, 0, a), (1, 1, 1), (1, 1, c), (1, 2, 5), (1, 2, 8),
(1, 3, 2), (1, 3, b), (1, 4, 0), (1, 4, 3), (1, 4, 6), (1, 4, 7), (1, 4, a), (1, 5, 3),
(1, 5, 4), (1, 5, 9), (1, 5, a), (1, 6, 5), (1, 6, 8), (1, 7, 5), (1, 7, 8), (1, 8, 3),
(1, 8, 4), (1, 8, 9), (1, 8, a), (1, 9, 0), (1, 9, 3), (1, 9, 6), (1, 9, 7), (1, 9, a),
(1, a, 2), (1, a, b), (1, b, 5), (1, b, 8), (1, c, 1), (1, c, c)},
which is a (38, 2)-blocking set in PG(2, 13) and has the following secant distribution:
2 = 103, 3 = 36, 4 = 22, 5 = 18, 10 = 4. 
The complement of the set B is a (145, 12)-arc. It follows now by Theorem 1.1 that there exists a [145, 3, 133]13
Griesmer code.
Remark. The approach was applied without success in PG(2, 17). Maybe it will work in PG(2, q), q = p2 + p + 1,
p5 a prime, but then a computer have to be used.
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